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Abstract: As a generalization of single value neutrosophic rough sets, the concept of multi-granulation 
neutrosophic rough sets was proposed by Bo et al., and some basic properties of the pessimistic 
(optimistic) multigranulation neutrosophic rough approximation operators were studied. However, 
they did not do a comprehensive study on the algebraic structure of the pessimistic (optimistic) 
multigranulation neutrosophic rough approximation operators. In the present paper, we will provide 
the lattice structure of the pessimistic multigranulation neutrosophic rough approximation operators. 
In particular, in the one-dimensional case, for special neutrosophic relations, the completely lattice 
isomorphic relationship between upper neutrosophic rough approximation operators and lower 
neutrosophic rough approximation operators is proved. 


Keywords: neutrosophic set; neutrosophic rough set; pessimistic (optimistic) multigranulation 
neutrosophic approximation operators; complete lattice 


1. Introduction 


In order to deal with imprecise information and inconsistent knowledge, Smarandache [1,2] 
first introduced the notion of neutrosophic set by fusing a tri-component set and the non-standard 
analysis. A neutrosophic set consists of three membership functions, where every function value is 
a real standard or non-standard subset of the nonstandard unit interval ]0~,1*|. Since then, many 
authors have studied various aspects of neutrosophic sets from different points of view, for example, 
in order to apply the neutrosophic idea to logics, Rivieccio [3] proposed neutrosophic logics which is a 
generalization of fuzzy logics and studied some basic properties. Guo and Cheng [4] and Guo and 
Sengur [5] obtained good applications in cluster analysis and image processing by using neutrosophic 
sets. Salama and Broumi [6] and Broumi and Smarandache [7] first introduced the concept of rough 
neutrosophic sets, handled incomplete and indeterminate information, and studied some operations 
and their properties. 

In order to apply neutrosophic sets conveniently, Wang et al. [8] proposed single valued 
neutrosophic sets by simplifying neutrosophic sets. Single valued neutrosophic sets can also be 
viewed as a generalization of intuitionistic fuzzy sets (Atanassov [9]). Single valued neutrosophic sets 
have become a new majorly research issue. Ye [10-12] proposed decision making based on correlation 
coefficients and weighted correlation coefficient of single valued neutrosophic sets, and gave an 
application of proposed methods. Majumdar and Samant [13] studied similarity, distance and entropy 
of single valued neutrosophic sets from a theoretical aspect. 

Sahin and Kiictik [14] gave a subsethood measure of single valued neutrosophic sets based on 
distance and showed its effectiveness through an example. We know that there’s a certain connection 
among fuzzy rough approximation operators and fuzzy relations (resp., fuzzy topologies, information 
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systems [15-17]). Hence, Yang et al. [18] firstly proposed neutrosophic relations and studied some 
kinds of kernels and closures of neutrosophic relations. Subsequently they proposed single valued 
neutrosophic rough sets [19] by fusing single valued neutrosophic sets and rough sets (Pawlak, [20]), 
and they studied some properties of single value neutrosophic upper and lower approximation 
operators. As a generalization of single value neutrosophic rough sets, Bao and Yang [21] introduced 
p-dimension single valued neutrosophic refined rough sets, and they also gave some properties of 
p-dimension single valued neutrosophic upper and lower approximation operators. 

As another generalization of single value neutrosophic rough sets, Bo et al. [22] proposed the concept 
of multi-granulation neutrosophic rough sets and obtained some basic properties of the pessimistic 
(optimistic) multigranulation neutrosophic rough approximation operators. However, the lattice structures 
of those rough approximation operators in references [19,21,22], were not well studied. Following this 
idea, Zhao and Zhang [23] gave the supremum and infimum of the p-dimension neutrosophic upper 
and lower approximation operators, but they did not study the relationship between the p-dimension 
neutrosophic upper approximation operators and the p-dimension neutrosophic lower approximation 
operators, especially in the one-dimensional case. Inspired by paper [23], a natural problem is: Can the 
lattice structure of pessimistic (optimistic) multigranulation neutrosophic approximation operators 
be given? 

In the present paper, we study the algebraic structure of optimistic (pessimistic) multigranulation 
single valued neutrosophic approximation operators. 

The structure of the paper is organized as follows. The next section reviews some basic definitions of 
neutrosophic sets and one-dimensional multi-granulation rough sets. In Section 3, the lattice structure of 
the pessimistic multigranulation neutrosophic rough approximation operators are studied. In Section 4, 
for special neutrosophic relations, a one-to-one correspondence relationship between neutrosophic 
upper approximation operators and lower approximation operators is given. Finally, Section 5 
concludes this article and points out the deficiencies of the current research. 


2. Preliminaries 


In this section, we briefly recall several definitions of neutrosophic set (here “neutrosophic set” 
refers exclusively to “single value neutrosophic set”) and one-dimensional multi-granulation rough set. 


Definition 1 ([8]). A neutrosophic set B in X is defined as follows: Va € X, 
B = (Ta(4), Ta(a), Fa(@)), 


where T4(a), I4(a), Fa(a) € [0,1], 0 < supT,(a) + supl,(a) + supF,4(a) < 3. The set of all neutrosophic 
sets on X will be denoted by SVNS(X). 


Definition 2 ([11]). Let C and D be two neutrosophic sets in X, if 
Tc(4) S Tp(4), Ic(a) = Ip(a) and Fe(a) > Fo(a) 


for eacha € X, then we called C is contained in D,i.e.,C © D. If C € Dand D & C, then we called C is equal 
to D, denoted by C = D. 


Definition 3 ([18]). Let A and B be two neutrosophic sets in X, 


(1) The union of A and B is as neutrosophic set C, denoted by AW B, where Vx € X, 


To(a) = max{Ta(a),Tp(a)}, Ic(a) = min{I4 (a), Ip(a)}, and 
Fco(a) = min{F 4 (a), Fp(a)}. 
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(2) The intersection of A and B is a neutrosophic set D, denoted by AmB, where Vx € X, 


Tp(a) = min{T,(a),Tp(a)}, Ip(a) = max{I,(a), Ip(a)}, and 
Fp(a) = max{F,(a),Fp(a)}. 


Definition 4 ([18]). A neutrosophic relation R in X is defined as follows: 
R= {< (a,b), Tr(a,b), Ip(a,b), Fr(a,b) >| (a,b) € X x X}, 
where Tp: X x X > [0,1], Ip: X x X > [0,1], Fr: X x X — [0,1], and 
0 < supTr(a,b) + supl (a,b) + supFR(a,b) < 3. 


The family of all neutrosophic relations in X will be denoted by SVNR(X), and the pair (X, R) is called a 
neutrosophic approximation space. 


Definition 5 ([19]). Let (X,R) be a neutrosophic approximation space, VA € SVNS(X), the lower and upper 
approximations of A with respect to (X,R), denoted by R(A) and R(A), are two neutrosophic sets whose 
membership functions are defined as: la € X, 


Tr(a) (a) = A [FR(a,b) V Ta(b)], Tcay(@) = ,V 1 = Ir(a,b)) A Ta (b)), 
Frca)(a) = V (Tr(a, b) A Fa(®)], Tray (@) = ,V[Tr(a,b) ATa(0)], 
Fray (4) = A [x(a b) V Ta(®)], Frcay(@) = A [ER (a,b) V Fa(0)]. 


The pair (R(A), R(A)) is called the one-dimensional multi-granulation rough set (also called single value 
neutrosophic rough set or one-dimension single valued neutrosophic refined rough set) of A with respect to 
(X,R). Rand R are referred to as the neutrosophic lower and upper approximation operators,respectively. 


Lemma 1 ([19]). Let Ry and Ro be two neutrosophic relations in X, VA € SVNS(X), we have 


(1) Ry WRo(A) = Ry(A) MRo(A); 
(2) RyWRo(A) = Ry(A) URo(A); 
(3) Ri MR2(A) D Ri (A) URo(A) Dd Ri (A) MRo(A); 
(4) Ry M Ro(A) Sc Ry(A) M Ro(A). 


3. The Lattice Structure of the Pessimistic Multigranulation Neutrosophic Rough 
Approximation Operators 


In this section, set M = {R1,Ro,--- , Rn} = {R;j};_7; is called a multigranulation neutrosophic 
relations set on X if each R; is a neutrosophic relation on X. In this case, the pair (X, M) will be called 
an n-dimensional multigranulation neutrosophic apptoximation space. 


Definition 6 ([22]). Let (X,M) be an n-dimensional multigranulation neutrosophic apptoximation space. We 
define two pairs of approximation operators as follows, for allVA € SVNS(X) anda € X, 


M°(A) = (M°(A),M°(A)), M?(A) = (M?(A), M1" (A)), 
where 


‘yocay (2) = Via Tey) (@)- Tyyocay (@) = Malaya (@)s Fyoray (2) = Akt FR,¢ay (2): 


TH (a) (a) = Nai TRA) (4), Tray (4) = Vi=rR (A) (a), F(A) (a) = Viz FRA) (4)- 
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Tyra) (4) = Afi Tray (4)s Tray (4) = Vier tray (4) Fegr¢ay(@) = Vier Fria) (4). 
TP (A) (a) = Vi=1l Ra) (4), TP a) (a) = Nim lg (a) (a), FHP (A) (a) = Nj=1 FR; (a) (4): 


Then the pair M°(A) = (M°(A),M°(A)) is called an optismistic multigranulation neutrosophic rough 
set, and the pair M?(A) = (mM? (A),M" (A)) is called an pessimistic multigranulation neutrosophic rough set 
M° and M’ are referred to as the optimistic and pessimistic multigranulation neutrosophic upper approximation 
operators, respectively. Similarly, M° and MP? are referred to as the optimistic and pessimistic multigranulation 
neutrosophic lower approximation operators, respectively. 


Remark 1. If n = 1, then the multigranulation neutrosophic rough set will degenerated to a one-dimensional 
multi-granulation rough set (see Definition 5). In the following, the family of all multigranulation neutrosophic 
relations set on X will be denoted by n -SVNR(X). Defined a relation C onn —SVNR(X) as follows: M CN 
if and only if M; © Nj, then (n — SVNR(X),C) is a poset, where M = {M;},_7, and N = {Nj} 


i=1n 
V{M}ien Sm SVNR(X) where Mi = {1} 


i=1,n* 


and A be a index set, we can define union and 


i=1n 
intersection of M/ as follows: 


vMi = {uy oi} <3 AM = {1 oi} 4 
jeA JEAN i=Tn’ jeA jE AEM; 1% 


where 
Ty aM! (a,b) = Lal b), Ty eaM! (a, b) — so b), 
Fy aM! (a, b) = ion mi (a, ), Te aM) (a,b) — joxt ai (a, b), 


Team! (a,b) = ati 6b), Fa gai (ab) = ati (a). 


Then VM! and AM are two multigranulation neutrosophic relations on X, and we easily show that 
E i¢ 


vy M and AM are infimum and supremum of {Mi He av respectively. Hence we can easily obtain the 
JE JE 


following theorem: 


Theorem 1. (n — SVNR(X),£,A,V) is a complete lattice, X, = {Xn,Xn,---,Xn} and By = 
——— 
n 
{2n,2n,:+:, Pn} are its top element and bottom element, respectively, where X, and Oy are two 
e———_|_ 


n 
neutrosophic relations in X and defined as follows: (a,b) € X x X, Tx, (a,b) = 1, Ix, (a,b) = 0, 
Fx, (a,b) = O and Tg, (a,b) = 0, Ioy (a,b) = 1, Fox (a,b) = 1. In particular, (SVNR(X), GE, U,M) 
is a complete lattice. 


Theorem 2. Let M = {R;},;_7, and N = {Q;},_7; be two multigranulation neutrosophic relations set on X, 
VA € SVNS(X), we have 


(1) Mv N°(A) € M°(A)mN°(A), MV N?(A) = M?(A) mN?(A); 

(2) MVN°(A) 5 M°(A)UN®(A), MVN’ (A) = M'(A) UN’ (A); 

(3) MAN°(A) > M°(A)UN°(A) D> M°(A)MN°(A), MAN?(A) D> M?P(A)UN?(A) D 
M?(A)m@NP(A); 

(4) MAN°(A) € M°(A) m@N°(A), MAN’ (A) € M' (A) @N’ (A) 
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Proof. We only show that the case of the optimistic multigranulation neutrosophic approximation operators. 


(1) Va e€X,by Lemma 1 and Definition 6, we have the following: 
Tavn0(a) (4) 
= ViLqTRwo,(a) (4) = Vier Tr,(AymQ,(A) (4) 
= Via [Tria )A Toa) (a)] 
< [vi 17 R,(A) (a)] A lv 1 Toya) (a)] 
= Tyo (ay (4 )ATy 0( aya ) 
= Tyo(ayanoca) (4 } 
Tuy NO(A) (a) 
= NiiqIRiwo,(a)(@) = Az FR,(AymQ,(A) (4) 
= Ab ae \(a) 


= [Atarlaay()] ¥ atau | 

= Toray (4 1 Iyocayl ) 

= Tyo (aymn(4) (4), 

Fuvno(ay (4 ) 

= Ni Friwo,(a)(4) = Ain Fri(aymg,(a) (4) 
= AE [Fe,cay(@) V Fo ie ) 


Zz Ate, (a) (4 | - [MaFoua 
= Fro (ay (#) V Foray (@) 
= Fy ayaa) (4): 
Hence, MV N°(A) € M°(A) mN®°(A). 
(2) Va € X,by Lemma 1 and Definition 6, we have the following: 


TaN? (A) (a) 

= N=iTRug;a) (4) = Naa TR ayaa) () 

= Nha [Tea (@) V Toypay (@ )] 

2 [Ata TR 4) (0)] u [az =i T g(a) (4 | 

= Ty (a) (4) V Tyo 4) (@ pad M1 (A)UN® (ay ) 
mana) (0) 


= Vii Rwo;(A) (4 ie UR (a)ua,(a) (4) 
= Va [legcay a) A Fara (a) 

= Takao via fgy() 

WA (AyuN® (ay (4 
7 ae 

= Vier FRw;(a) (4) = Vier Fr (ayua;(ay (4) 

= Vita |Frivay(@) A Foiay (4) 

< [VL FRcay(@)| A [Vi Fovay(@)| 

= F(a) 0 Fe (464) = Fa? (ayn? a (4): 


Hence, MV N°(A) 5 M°(A) UN°(A). 
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(3) Wa € X,by Lemma 1 and Definition 6, we have the following: 


Qi(A 
= ae in Lae ae [ar i= * (a4 | 
= Tyo (A aya )A Tyo) (4 ) S Tyocay (a ) V Iyocay (4), 


Fuinno(ay (4 ) 

= Nj 1FR; MQ; (a) (4 ) Nj=1Fr,(A)UQ;(A) (a) 

= Nii [Fea (@) A Fo,c4)(@)] 

- [An 1Fr,(a) (4 al iat i=1 1Fo,a)(a)| 

= Fu M°(A aya yA Fyoay (4 ) S$ Fyo M°(A aya ) V Fyoc ay (4). 


< 
Fo, 


Hence, MA N°(A) > M°(A)UN°(A) 5 M°(A) m N?(A). 
(4) Va e€ X,by Lemma 1 and Definition 6, we have the following: 


Tian® ay) 
= Nir TRamg;(a) 4) S Nea TR(aynd;(a) (4) 
Nua [Frcay(a) A Toca) (a)| 
= [ALi TRA) (a)| \ [Ata Toca) (a) 
THA) (a) A TX (4) (a) = TH M° (A) aN cay (4 ) 
man? (ay) 


= [Va Fcay(@] ¥ [VerFoica) (a) 
(a 


v= FF. a)mn° (a 4 ). 


Hence, MA N° (A) © M°(A) mN 


From Theorem 2, we can easily obtain the following corollary: 


6 of 12 
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Corollary 1. Let M = {R;},_7,, and N = {Q;};_7,, be two multigranulation neutrosophic relations set on 
X. If MCN, then VA € SVNS(X), 


(A) € N’(A). 


N°(A) € M°(A), N?(A) € M?(A)), MP(A) E NY(A), M 
Lenny = {m’ |Men— SVNR(X)} and LF = {m? |Men— SVNR(X)} be the set of 
pessimistic multigranulation neutrosophic upper and lower approximation operators in X, respectively. 


° Defined a relation < on H? as follows: M’ <N’ if and only if M’ (A) © N’(A) for each 
A € SVNS(X). Then (HP, <) is a poset. 

e Defined a relation < on L? as follows: M?< N? if and only if N?(A) € M?(A) for each A € 
SVNS(X). Then (LP, <) is a poset. 


Let HO = {mo |Men-— SVNR(X)} and LO = {m° |Men-— SVNR(X)} be the set of optimistic 
multigranulation neutrosophic upper and lower approximation operators in X, respectively. 


° Defined a relation < on H® as follows: M°< N° if and only if M°(A) © N°(A) for each 
A € SVNS(X). Then (H9, <) is a poset. 

e Defined a relation < on L9 as follows: M°< N° if and only if N°(A)) € M®°(A) for each 
A € SVNS(X). Then (L9, <) is a poset. 


Theorem 3. (1) v{m; } 1 C(HP,<) and I be a index set, we can define union and intersection of M; 
1 


as follows: 


VM; = VM, AM =[AM» 

ie! ie] ie! i€l 

where [\ Mj] = V{M € n—SVNR(X) | VA € SVNS(X),M'(A) © @ierM (A)}. Then YM; and 
1€ 1€ 

AM; are supremum and infimum of {m; } , respectively. 

ieI i€I 


(2) v{MP} C(LP, <) and I be a index set, we can define union and intersection of MP as follows: 


V MP = V MP, AMP =[V MI”, 
ic] ic] ic] iE] 


where [V Mi] = v{M € n— SVNR(X) | VA € SVNS(X),UjerMP(A) € M?(A)}. Then Y MP and 


AM? are supremum and infimum of {mP i V respectively. 
1€ 1€ 


Proof. We only show (1). 
Let M = V Mi, then M; C M for eachi € I. By Corollary 1, we have M;’ (A) E M’ (A) for 
1€ 


any A € SVNS(X). Thus M,’ <M". If M* isa multigranulation neutrosophic relations set such that 
M,;’ < M*" for each i € I, then A € SVNS(X), M;' (A) E MP" (A). Hence, 


M'(A) = V Mj (A) = UierMj (A) € M*(A). 
1€ 


Thus M’ < M*". So v mM =. V M;’ is the supremum of {mi } ' 
iE] i€l ic] 
Let Q = LA Mil, then VB € SVNS(X), we have 
1€ 


Q'(B) =TAM] 


1 


=p —_p 
(B) € Mic1M; (B) © M; (B). 
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Thus o2 M; for eachi € I. If M* is a multigranulation neutrosophic relations set such that 
Va M for each i € I, then 
M¥"(A) € McrM7; (A). 


By the construction of [A Mil, we can easily obtain M* C [A Mil = Q. Hence, 
1€ 1€ 


So AM? =[AM]]. is the infimum of {mm} 
ic] ic] 


ieI 


Remark 2. (1) VA € SVNS(X), Va € X, we can calculate that the following formula holds. 


a. — Ba =P aos 
Hence, VM € n—SVNR(X), Sy (A) © M' (A A) and M?(A) € By’ (A). It shows that By <M 
==P 
and By” < MP, i.e.,@n_ is the bottom element of (H, 
Theorem 3, we have the following result: Both (HP, S, 
(2) Similarly, we can prove that both (HO, <,A,V) 
the generalization formula of 


,<)and By’ is the bottom element of (LP, <). By 
Y/) and (LP, S, X,/) are complete lattices. 
and (L9,<,A,\/) are complete lattices if we can use 


HP 
ns 
ag 


MVN°(A) © M°(A)UN®(A) and MV N°(A) 5 M°(A) mN°(A), 
However, by Theorem 2, we known that 
MV N°(A) > M°(A)UN®(A) and MV N°(A) © M°(A) m@N(A). 


So, naturally, there is the following problem: 


How to give the supremum and infimum of the optimistic multigranulation neutrosophic rough 
approximation operators? 


In the one-dimensional case, for convenience, we will use H = {R| R © SVNR(X)} and 
L = {R| R € SVNR(X)} to denote the set of neutrosophic upper and lower approximation operators 
in X, respectively. According to Lemma 1, Remark 2 and Theorem 3, we have the following result: both 
(H,<,A,V) and (L,<,/,\V) are complete lattices (it is also the one-dimensional case of Reference [23]). 


4. The Relationship between Complete Lattices (H,<,\,V) and (L,<,/,V) 


In this section, we will study the relationship between complete lattices (H,<,/A,V) and 
(L, <, A, V). Set 


A = {SVNR(X) | VRi, Rp € SVNR(X),Ri < Ro & Ry € Ro & Ry < Ry}. 
Firstly, we will give an example to illustrate thatA is not an empty family. 


Example 1. Let X = {a} bea single point set, Ry and Rz are two single valued neutrosophic relations in X. 


(1) If Ry < Ro, then Ry E Ro. In fact, if Ry < Ry, then R\(A) © Ro(A) for each A € SVNS({a}). 
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(2) 


Thus, Va € X, 
Tr ay(@) S Tra) (@), Fea) (@) 2 Fecay(@), and Fig ay (@) 2 Fgcay (@)- 


Moreover, Tr,(a,a) \ Ta(a) < Tr,(a,a) A Ta(a), Ir,(a4,a) V Ia(a) = Ir, (4,4) V Ia(a), 


and Fr,(a,a)\V Fa(a) > Fpr,(a,a) V Fa(a). Considering the arbitrariness of A, in particular, take 
A = {<a,(1,0,0) >}, we have Tp, (a,a) < Tr, (4,4), Ip, (4,4) = Ip, (a,a) and Fr, (a,a) > Fr, (a,a). 


Hence, Ry, € Ro. 


Similarly, we also can show that the following result: 
If Ry < Ro, then Ry E Rz. So, by (1), (2) and Corollary 1, we have SVNR({a}) € A,i.e., A is not an 
empty family. 


Now, we will give the relationship between complete lattices (H, <,\, V) and (L, <,A,V). 


Proposition 1. If SVNR(X) € A, then [Mic;Ri] = MictR;i = (Wie, Ri|, where I is a index set, and Rj € 
SVNR(X) for eachi € I. 


Proof. We first show that |M;<7;R;] = Mjc7R;. Let R be a neutrosophic relation in X such that 
MictRi(A) > R(A) foreach A € SVNS(X), then R; > R, this is equivalent to R; > R since SVNR(X) € 
A. Thus ijce;R; > R. Moreover, by the construction of [Mc;Ri], we have Mje7R; D [MiepR;]. On the 
other hand, we can show that M<;R;(A) > Mjce,R;(A) for each A € SVNS(X). So 


[Mic 1 Ri _ W{R € SVNR(X) | VAE SVNS(X), Mic Ri(A) > R(A)$ > Mic Rj. 


Hence [Mje7Ri] = Mic Ri- 
Now, we show that Mjc;R; = [Wje7R;]. Let R be a single valued neutrosophic relation in such 


that Uj-7R;(A) € R(A) for each A € SVNS(X), then R; > R, this is equivalent to R; > R since 
SVNR(X) € A. Thus fijce;R; D> R. Moreover, by the construction of [Wj-;Rj]. We have Mjc;R; D 
[Wier Ri). 


On the other hand, we can show that Wj-;R;(A) € MicpR;(A) for each A € SVNS(X). So 
[VieRi] = U{R € SVNR(X) | VA € SVNS(X),UjeRi(A) € R(A)} 5S Mic Ri- 


Hence, [Wie Ri = Mic Rj. 
From above proved, we know that [Mje7Ri] = Me7Rj = [Vj R;)- 


Theorem 4. If SVNR(X) € <A, then (SVNR(X), G,U,M) and (H, <,A,V) are complete lattice isomorphism. 


Proof. Define a mapping $12 : SVNR(X) — H as follows: VR € SVNR(X), ¢12(R) = R. Obviously, 
#12 is surjective. If Ry = Ro, notice that SVNR(X) € A, we know that R; = Rp». So $42 is one-one. 
V{Ri}icep C SVNR(X) and I be a index set. By Theorem 3 and Proposition 1, we have 


and 


12(WierRi) = WietRi = V Ri = V G12(Ri), 
iE] i€] 


Pi2(MerRi) = Mice tRi = [MeRi] = ARi = A G12(Ri)- 


Hence, $12 preserves arbitrary union and arbitrary intersection. 


From above proved, we know that (SVNR(X),G,U,m) and (H,<,A,V) are complete 


lattice isomorphism. 
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Theorem 5. If SVNR(X) € A, then (SVNR(X), G,U,M) and (L, <, A, V) are complete lattice isomorphism. 


Proof. Define a mapping #13 : SVNR(X) — L as follows:VR € SVNR(X), ¢12(R) = R. Obviously, 
13 is surjective. If Ri = R2, notice that SVNR(X) € A, we know that R; = R2. So 33 is one-one. 


V{Ritier G SVNR(X) and I be an index set. By Theorem 3 and Proposition 1, we have 
$13 (WierRi) = WierRi = V Ri = V 13(Ri), 


and 


$13(MerRi) = Mic tRi = [WieRi| = ARi = Agis(Ri)- 


Hence, #13 preserves arbitrary union and arbitrary intersection. 


From the above proof, we know that (SVNR(X),G,U,m) and (L,<,A,V) are complete 
lattice isomorphism. 


Theorem 6. If SVNR(X) € A, then (H, <, A, V) and (L, <,A,V) are complete lattice isomorphism. 


Proof. Through Theorems 4 and 5, we immediately know that the conclusion holds. We can also prove 
it by the following way: 

Define a mapping ¢23 : H — L as follows: VR € H, ¢23(R) = R. Through Theorems 4 and 5, 
there must be one and only one R € SVNR(X) such that ¢23(R) = R for each R € L. This shows 
23 is surjective. If Ry = Rp, notice that SVNR(X) € A, we know that Rj = Ro. So 23 is one-one. 
V{Ri},., C H and I be a index set. Through Theorem 3 and Proposition 1, we have 


R:) = U) -) — U- — — R. 
ga3( V Ri) 23 (Wie Ri) = Wier Ri MR gs (Ri), 


and 


$13( A Ri) = $13([MerRi]) = [MetRi] = [Wier Ri] = ARi = {23(Ri)- 


i€ 


Hence, #23 preserves arbitrary union and arbitrary intersection. So, (H, <,/\,V) and (L,<,A,V) 


are complete lattice isomorphism. 


Remark 3. Through Theorems 4-6, we can ascertain that $12,¢13 and $23 are isomorphic mappings among 
complete lattices. Moreover, the following diagram can commute, 1.e., $23 © $12 = $13 (see Figure 1). 


(SVNR(X),é,U,M) 


b> db; 


(H,Svv,A) Qo, (L,<,v,A) 


Figure 1. Correspondence relationship among three complete lattices. 


5. Conclusions 


Following the idea of multigranulation neutrosophic rough sets on a single domain as introduced 
by Bo et al. (2018), we gave the lattice structure of the pessimistic multigranulation neutrosophic 
rough approximation operators. In the one-dimensional case, for each special SVNR(X), we gave a 
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one-to-one correspondence relationship between complete lattices (H, <) and (L, <). Unfortunately, 
at the moment, we haven’t solved the following problems: 


(1) Can the supremum and infimum of the optimistic multigranulation neutrosophic rough 
approximation operators be given? 
(2) For any set, are (H, <) and (L, <) isomorphic between complete lattices? 
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